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Abstract
In this paper, we study complete hypersurfaces with constant mean curvature in
anti-de Sitter space Hn+11 (−1). we prove that if a complete space-like hypersurface
with constant mean curvature x : M → Hn+11 (−1) has two distinct principal
curvatures λ, µ, and inf|λ− µ| > 0, then x is the standard embedding Hm(− 1
r
2 )×
Hn−m(− 1
1−r2
) in anti-de Sitter space Hn+11 (−1).
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1 Introduction
Let Mn+1
1
(c) be an (n+1)-dimensional Lorentzian space form of constant curva-
ture c. When c > 0, Mn+1
1
(c) = Sn+1
1
(c), (n+1)-dimensional de Sitter space; When
c = 0, Mn+1
1
(c) = Ln+1, (n+1)-dimensional Lorentz-Minkowski space; When c < 0,
Mn+1
1
(c) = Hn+1
1
(c), (n+1)-dimensional anti-de Sitter space. A hypersurface M of
Mn+1
1
(c) is said to be space-like if the induced metric on M from that of the ambient
space is Riemannian.
The following well-known result of the Bernstein type problem for maximal space-
like hypersurfaces in Mn+1
1
(c)(c ≥ 0) was proved by Calabi [1], Cheng-Yau [2], and
Choquet-Bruhat [6]
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Theorem 1.1. [1][2] Let M be an n-dimensional complete maximal space-like hyper-
surface in an (n+1)-dimensional Lorentian space form Mn+1
1
(c)(c ≥ 0), then M is
totally geodesic.
As a generalization of the Bernstein type problem, Cheng-Yau [2] and T. Ishihara
[3] proved that a complete maximal space-like submanifold Mn of Mn+1
1
(c)(c ≥ 0) is
totally geodesic. In [3] T. Ishihara also proved the following result
Theorem 1.2. [3] Let M be an n-dimensional (n ≥ 2) complete maximal space-like
hypersurface in anti-de Sitter space Hn+1
1
(−1), then the norm square of the second
fundamental form of M satisfies
S ≤ n,
and S = n if and only if Mn = Hm(−m
n
)×Hn−m(−n−m
n
), (1 ≤ m ≤ n− 1).
In [4], Cao-Wei gave a new characterization of hyperbolic cylinderMn = Hm(−m
n
)×
Hn−m(−n−m
n
) in anti-de Sitter space Hn+1
1
(−1).
Theorem 1.3. [4] Let M be an n-dimensional (n ≥ 3) complete maximal space-like
hypersurface with two distinct principal curvature λ and µ in anti-de Sitter space
Hn+1
1
(−1). If inf(λ−µ)2 > 0, then Mn = Hm(−m
n
)×Hn−m(−n−m
n
), (1 ≤ m ≤ n− 1).
In [4],Cao-Wei also held a conjecture.
Conjecture: The only complete space-like hypersurfaces in Mn+1
1
(c)(c < 0) with
constant mean curvature and two distinct principal curvatures λ and µ satisfying inf(λ−
µ)2 > 0 are the hyperbolic cylinders.
In this paper we investigate complete space-like hypersurfaces in Mn+1
1
(−1) with
constant mean curvature and two distinct principal curvatures λ and µ satisfying inf(λ−
µ)2 > 0, and give an affirmative answer for the conjecture, and we have the following
main theorem.
Theorem 1.4. Let x : M → Hn+1
1
(−1) be an n-dimensional (n ≥ 3) complete space-
like hypersurface in anti-de Sitter space Hn+1
1
(−1) with constant mean curvature and
with two distinct principal curvatures λ, µ. If inf|λ − µ| > 0, then x is the standard
embedding Hm(− 1
r2
)×Hn−m(− 1
1−r2 ) in anti-de Sitter space H
n+1
1
(−1).
Much recently, however, Wu has more general results like
Theorem 1.5. [10] The only complete space-like hypersurfaces in Lorentz-Minkowski
(n+1)-spaces (n ≥ 3) of nonzero constant mth mean curvature (m ≤ n − 1) with two
distinct principal curvatures λ and µ satisfying inf(λ − µ)2 > 0 are the hyperbolic
cylinders.
We should remind readers that Wu has used Otsuki’s idea while we immediately use
the maximum principle. So our proof is more natural and concise. In fact, Wu’s results
in [10] can be concluded from our method also.
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2 Preliminaries
Let x : M → Hn+1
1
(−1) be an n-dimensional (n ≥ 3) space-like hypersurface. Let
e1, · · · , en be a local orthonormalbasis of M with respect to the induced metric, and
ω1, · · · , ωn their dual form. Let ξ be the local unit normal vector field such that
〈ξ, ξ〉 = −1.
Denote xi = ei(x). Then we have the structure equations
dx =
n∑
i=1
ωixi, dxi =
n∑
j=1
ωijxj + hiξ + ωix, dξ =
n∑
i=1
hixi. (2.1)
Denote hi =
∑n
j=1 hijωj , from [2] we have hij = hji. The curvature tensor can be
expressed as Gauss equation
Rijkl = −(hikhjl − hilhjk)− (δikδjl − δilδjk). (2.2)
And Codazzi equation is
hijk = hikj, (2.3)
where
n∑
k=1
hijkωk = dhij +
n∑
k=1
hkjωki +
n∑
k=1
hikωkj. (2.4)
The mean curvature of M is given by H = 1
n
∑
i hii. If H = 0, then M is said to be
Maximal, and H = constant, then M is said to be of constant mean curvature.
We can choose an appropriate orthonormal basis e1, · · · , en such that
hij = λiδij ,
where λi are principal curvatures.
If we suppose the hypersurface x has two distinct principal curvature and has con-
stant mean curvature H, then choose an appropriate orthonormal basis e1, · · · , en such
that
λ1 = · · · = λm = λ, λm+1 = · · · = λn = µ,
thus we obtain
mλ+ (n−m)µ = nH = constant, (2.5)
Example 2.1. Hyperbolic cylinder
Mm,n−m = Hm(− 1
r2
)×Hn−m(− 1
1− r2 ), (1 ≤ m ≤ n− 1).
We know (see [3]) that Mm,n−m is a complete space-like hypersurface in Hn+11 (−1)
with constant mean curvature H and two distinct principal curvature λ and µ, where
λ1 = · · · = λm = 1
r
, λm+1 = · · · = λn = 1√
1− r2 .
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Thus Mm,n−m have constant mean curvature H = mnr +
n−m
n
√
1−r2 .
Now we have to consider two cases.
Case 1: 2 ≤ m ≤ n− 2.
In this case we make use of the following convention on the ranges of indices:
1 ≤ i, j, k ≤ m; m+ 1 ≤ α, β, γ ≤ n; 1 ≤ A,B ≤ n.
Proposition 2.1. Let x : M → Hn+1
1
(−1) be an n-dimensional (n ≥ 3) complete
space-like hypersurface in anti-de Sitter space Hn+1
1
(−1) with constant mean curvature
and with two distinct principal curvatures . If the multiplicities of these two distinct
principal curvatures are greater than one, then x is the standard embeddingHm(− 1
r2
)×
Hn−m(− 1
1−r2 ) in anti-de Sitter space H
n+1
1
(−1).
Proof. Letting i 6= j or α 6= β in equation(2.4), there is
∑
A
hijAωA = dhij +
∑
A
hAjωAi +
∑
A
hiAωAj = λ(ωij + ωji) = 0,
∑
A
hαβAωA = dhαβ +
∑
A
hAβωAα +
∑
A
hαAωAβ = λ(ωαβ + ωβα) = 0.
That is, when i 6= j and α 6= β, we have hijA = 0, hαβA = 0,∀A.
By letting i = j or α = β in equation(2.4), there is
dλ =
n∑
A=1
hiiAωA = hiiiωi +
n∑
α=m+1
hiiαωα,∀i, (2.6)
dµ =
n∑
A=1
hααAωA = hαααωα +
n∑
i=1
hiααωi,∀α. (2.7)
Since 2 ≤ m ≤ n− 2, equations (2.6) and (2.7) come to
dλ =
n∑
α=m+1
hiiαωα, dµ =
n∑
i=1
hiααωi. (2.8)
Since mλ+ (n−m)µ = nH = constant, we know that
mdλ+ (n −m)dµ = 0. (2.9)
Combining with equations (2.8) and (2.9), we get
λ = constant, µ = constant, hiiα = 0, hiαα = 0,∀i, α. (2.10)
Then we complete the proof of Lemma 2.1.
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For any i and α in equation(2.4), we have
n∑
A=1
hiαAωA = hiiαωi + hiααωα = 0 = (λ− µ)ωiα.
That is,
ωiα = 0, and (M, I) = (M1, I1)× (M2, I2).
We assert that M1,M2 have constant curvature. For i 6= j and α 6= β, from equa-
tion(2.2) the sectional curvature of (M1, I1) and (M2, I2) is
K(ei ∧ ej) = Rijij = −1− λ2,K(eα ∧ eβ) = Rαβαβ = −1− µ2, (2.11)
respectively.
On other hands from K(ei ∧ eα) = Riαiα = −1 − λµ = 0. Then we know that
when 2 ≤ m ≤ n − 2, x(M) is locally Lorentz congruent to the standard embedding
Hm(− 1
r2
)×Hn−m(− 1
1−r2 ) ⊂ Hn+11 (−1).
Thus we complete the proof of proposition.
Case 2: m = n− 1.
In this case we make use of the following convention on the ranges of indices:
1 ≤ i, j, k ≤ n− 1; 1 ≤ A,B ≤ n.
From (2.5), we can suppose that
(n− 1)λ+ µ = nH, λ− µ = n(λ−H) 6= 0. (2.12)
Similarly, we have
hijA = 0,∀A, i 6= j; dλ = hiiiωi + hiinωn, dµ =
n−1∑
i=1
hinnωi + hnnnωn,∀i. (2.13)
Because n− 1 ≥ 2, from equations (2.13) and (2.9), we get
dλ = hiinωn,∀i; dµ = hnnnωn, hinn = 0, hiii = 0,∀i, (2.14)
Equation (2.11) comes to
ωin =
1
λ− µhiinωi =
1
n(λ−H)hiinωi. (2.15)
And we assert that the integral curve of en is a geodesic because
∇enen =
n−1∑
i=1
ωni(en)ei = −
n−1∑
i=1
1
λ− µhiinωi(en)ei = 0.
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We also have dωn =
∑n−1
i=1 ωni ∧ ωi = 0. It means that there exists an arc parametric
s of the integral curve of en such that ωn = ds. Since M is complete, the arc s tends
to infinity.
If we denote f˙ = df
ds
for any smooth function f = f(s) on the integral curve of en, it
follows from equation (2.14) that
dλ = λ˙ds, hiin = λ˙, ∀i. (2.16)
From equations (2.15) and (2.16) it follows that
ωin =
λ˙
n(λ−H)ωi, (2.17)
Exploring into
dωin = d(
λ˙
n(λ−H)ωi) =
n−1∑
j=1
ωij ∧ ωjn − 1
2
n∑
A,B=1
RinABωA ∧ ωB (2.18)
and collecting the items of ωi ∧ ωn, we get
λ¨
n(λ−H) −
n+ 1
n2
(λ˙)2
(λ−H)2 = Rinin = −1− λµ. (2.19)
We introduce the following generalized Liouville-type theorem (see Choi-Kwon-Sun [5])
in order to prove our main theorem.
Theorem 2.1. ([5]) LetM be a complete Riemannian manifolds whose Ricci curvature
is bounded from below. Let F be any formula of the variable f with constant coefficients
such that
F (f) = c0f
n + c1f
n−1 + · · ·+ ckfn−k + ck+1,
where n > 1, 1 ≥ n− k ≥ 0 and c0 > ck+1. If a C2-nonnegative function f satisfies
∆f ≥ F (f),
then we have
F (f1) ≤ 0,
where f1 denotes the supermum of the given function.
3 Proof of the main theorem
In order to complete the proof of our main theorem, we only consider Case 2. At
first, we prove the following key lemma
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Lemma 3.1. Let x :M→ Hn+1
1
(−1) be an n-dimensional (n ≥ 3) complete space-like
hypersurface in anti-de Sitter space Hn+1
1
(−1) with constant mean curvature and two
distinct principal curvatures . If one of two principal curvatures is simple, then Ricci
curvature of M is negative semi-definite.
Proof. From Gauss equation (2.2) and (n− 1)λ+ µ = nH we get that
Ricnn = (n− 1)[µ2 − nHµ− 1] = (n− 1)[(µ − n
2
H)2 − (n
2
4
H2 + 1)],
Ricii = −(n− 1)− nHλ+ λ2 = (λ− n
2
H)2 − (n
2
4
H2 + n− 1), 1 ≤ i ≤ n− 1.
Thus we have
Ricnn ≥ −(n− 1)(n
2
4
H2 + 1), Ricii ≥ −(n
2
4
H2 + n− 1), 1 ≤ i ≤ n− 1,
so Ricci curvature of M is bounded from below.
From (2.14) we have
∆(λ−H) =
∑
A
(eAeA −∇eAeA)(λ−H) = λ¨−
(n− 1)λ˙
n(λ−H) ,
from this above formula and (2.19) and (n− 1)λ+ µ = nH we obtain
∆(λ−H) = 2
n
(λ˙)2
+ n(n− 1)(λ−H)3 + n(n− 2)H(λ −H)2 − n(1 +H2)(λ−H).
(3.1)
We define the formula of the variable x with constant coefficients
F (x) = n(n− 1)x3 + n(n− 2)Hx2 − n(1 +H2)x.
Then C0 = n(n− 1) > C3 = 0. From (3.1) we have
∆(λ−H) = 2
n
(λ˙)2 + F (λ−H) ≥ F (λ−H).
If necessaries, take ξ˜ = −ξ as local unit normal vector field of M , we can assume that
λ−H > 0. So
sup(λ−H) > 0. (3.2)
From generalized Liouville-type theorem [5] we have
F (sup(λ−H)) ≤ 0. (3.3)
From Gauss equation (2.2) and (n− 1)λ+ µ = nH we get
F (λ−H) = n(λ−H)Rinin. (3.4)
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From (3.2) and (3.4) we obtain
(n − 1)(sup(λ −H))2 + (n− 2)Hsup(λ−H)− (1 +H2) ≤ 0. (3.5)
Let f(x) = (n− 1)x2 + (n− 2)Hx− (1 +H2), then limx→∞f(x) = +∞.
Since λ−H > 0 and (3.5) we obtain
f(λ−H) ≤ 0, i.e., Rinin ≤ 0. (3.6)
Thus from Gauss equation and (3.6) we get that
Ricii =
∑
j 6=i
Rijij +Rinin = −1− λ2 +Rinin ≤ 0,
Ricnn =
∑
i
Rinin = (n− 1)Rinin ≤ 0.
Thus we complete the proof of Lemma 3.1.
If we denote w = |λ−H|− 1n , it follows that
w¨ + wRinin = 0. (3.7)
While
Rinin =
1
n− 1Rnn = −1− λµ, (n− 1)λ+ µ = nH, λ = H ± w
−n,
we have
λµ = H2 ± (2− n)Hw−n + (1− n)w−2n, (3.8)
w¨ − w[1 +H2 ± (2− n)Hw−n + (1− n)w−2n] = 0. (3.9)
The left hand side of equation (3.9) multiplied by 2w˙ is precisely the derivative of
the left hand side of the following equation
w˙2 − w2[1 + (H ± w−n)2] = C = constant. (3.10)
Since w¨ = −wRinin = − 1n−1wRnn is positive, we know that w˙ is monotone. Because
inf |λ−µ| > 0, sup {w(s)| −∞ < s < +∞} is a bounded number. Then lims→+∞ w˙ or
lims→−∞ w˙ cannot be infinity. We assert that lims→∞ w˙ = 0.
In fact, if we suppose that lims→+∞ w˙ = a > 0, then lims→+∞w = +∞. Therefore
we immediately know that equation (3.10) cannot hold when s tends to infinity. On
the other hand, if we suppose that lims→+∞ w˙ = a < 0, then lims→+∞w = −∞.
But we know w > 0, which is a contraction. Therefore, lims→∞ w˙ = 0. Adding the
monotonicity of w˙, it follows that w˙ ≡ 0. That is, λ is constant, and so as µ. Similar to
the discuss in case 1, we know that when m = n−1, x(M) is locally Lorentz congruent
to the standard embedding Hn−1(− 1
r2
)×H1(− 1
1−r2 ) ⊂ Hn+1.
Thus we complete the proof of Theorem 1.4.
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